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LI-YORKE CHAOS FOR DENDRITE MAPS WITH ZERO 
TOPOLOGICAL ENTROPY AND w-LIMIT SETS 

GHASSEN ASKRI 


Abstract. Let A be a dendrite with set of endpoints E{X) closed and 
let / : A —>■ A be a continuous map with zero topological entropy. Let 
P{f) be the set of periodic points of /. We prove that if L is an infinite 
ti;-limit set of / then L n P{f) C E{X)', where E{X)' is the set of all 
accumulations points of E{X). Furthermore, if E{X) is countable and 
L is uncountable then L n P{f) = 0. We also show that if E{Xy is 
finite then any uncountable Ri-limit set of / has a decomposition and 
as a consequence if / has a Li-Yorke pair {x,y) with uJf{x) or 0Jf{y) is 
uncountable then / is Li-Yorke chaotic. 


1. Introduction 


Let A be a compact metric space with metric d and / : X —)• X be 
a continuous map. Let Z_|_ and N be the sets of non-negative integers and 
positive integers respectively. Denote by /” the n-th iterate of /; that is, 
is the identity map, and /” = / o if n > 1. For any x G A the subset 
Of{x) = {/”'(x) : n G Z+j is called the f-orbit of x. A point x G A is called 
periodic of prime period n G N if /”(x) = x and /*(x) 7 ^ x for 1 < i < n — 1. 
We denote by Fix{f) (resp. P(/)) the set of fixed points (resp. periodic 
points) of /. Let A be a non empty subset of A. It is called periodic with 
period p > 1 if A, /(A),..., are pairwise disjoint and P{A) = A. 

For any x G A, we denote by ojf{x) = nn>oO/(/"(a^)) the omega limit set 
of X. A pair (a, 6) in A^ is called proximal if liminf d{f"'{a),f^{b)) = 0, 

n^+oo 

it is called distal if liminf d{f'^{a), {b)) > 0 and it is called asymptotic 

n^+oo 

if limsup d{f"'{a),f"'{b)) = 0. A pair (a, 6) in A^ is called a Li-Yorke pair 

n^+oo 

(of /) if it is proximal but not asymptotic. A subset 5* of A with at least 
two points is a scrambled set (of /) if any proper pair (a, b) G is a Li- 
Yorke pair. A continuous map / : A —?■ A is called Li-Yorke chaotic if it 
has an uncountable scrambled set. Denote by h{f) the topological entropy 
of / (See d], [7j, uni). For any non empty subset E of a compact metric 
space A, the set of accumulation points of F, denoted by F', is called the 
derived set of F. More generally, for any n > 1, we define = (E^*^"^))' 
the n-th derivative of E, where F^ = E. If E is closed then E' is a closed 
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subset of F. A continuum is a compact connected metric space. An arc is 
any space homeomorphic to the compact interval [0,1]. A topological space 
is arcwise connected if any two of its points can be joined by an arc. We 
use the terminology from Nadler [19]. By a dendrite X, we mean a locally 
connected continuum which contains no homeomorphic copy of a circle i.e 
simple closed curve. Every sub-continuum of a dendrite is a dendrite (|19). 
Theorem 10.10) and every connected subset of X is arcwise connected ljl9|. 
Proposition 10.9). Let x € X. The number of connected components of 
A\{x}, denoted ord{x,X), is called the order of x in X. If ord{x,X) = 1 
(resp. ord{x,X) = 2, resp. ord{x,X) > 3) then x is called and endpoint 
(resp. cut point, resp. branch point) oi X. If there is no confusion, we denote 
ord{x) instead of ord{x,X). We denote by E{X) (resp. B{X)) the set of 
endpoints (resp. branch points) of X. A tree, is a dendrite with finitely many 
endpoints. In addition, any two distinct points x, y of a dendrite X can be 
joined by a unique arc with endpoints x and y, denote this arc by [x, y] and 
let [x, y) = [x, y] \ {y} (resp. (x, y] = [x, y] \ {x} and (x, y) = [x, y] \ {x, y}). 
A free arc in a dendrite is an arc containing no branch point. 

A continuous map from a dendrite into itself is called a dendrite map. 
For any closed subset F of X, we call the convex hull of F, noted [F], the 
intersection of all subdendrites of X containing F. 

The w-limit sets play an important role in studying dynamical systems. 
Sarkovski [22], proved that if / : [0,1] —>■ [0,1] is a continuous map with zero 
topological entropy then any inhnite a;-limit set contain no periodic point. 
This result remain true for graph maps (in particular for tree maps) 1|14). 
Theorem 13). In this paper, we firstly study this question for dendrite maps 
with closed set of endpoints (See Theorem A). Secondly, Smital showed in 
( |23j . Theorem 3.5) that if L = cof{x) is an inhnite cu-limit set of an interval 
map with zero topological entropy (in fact L is uncountable) then there is a 
sequence {Jk)k>i of /-periodic intervals with the following properties: For 
any k, 

(1) Jfc has period 2^, 

( 2 ) Jk+iVJ f\jk+i) F Jk, 

(3) L C u£o V*(J.), 

(4) L n f^{Jk) / 0 for every i = 0,1,..., 2^ — 1. 

We will extend this result to dendrite maps f : X ^ X with zero topological 
entropy, where E{X) is closed and E{X)' hnite. This holds in particular if 
A is a tree. (See Theorem B). 


In the third part of the paper, we study the question: Does Li-Yorke pair 
implies chaos for dendrite maps? Kuchta and Smital m proved that the 
existence of Li-Yorke pair implies chaos for interval maps. In [21] , Ruette and 
Snoha proved that the same conclusion holds for graph maps. An example 
of a triangular map in the square (resp. on the Cantor set and the Warsaw 
circle) answering negatively the question is found in [TT] (resp. |13j). Here 
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we give some examples of dendrites maps with countable set of endpoints 
having a Li-Yorke pair but not Li-Yorke chaotic. 

Our main results are the following; 

Theorem A. Let Y be a dendrite with E{X) closed and let / : X ^ X 
be a dendrite map with zero topological entropy. Let x € X. Then we have 

(1) If iOf(x) is infinite then ujf{x) n P{f) C E{Xy, 

(2) If E{X) is countable and a;/(x) is uncountable then ujf{x)r\P{f) = 0. 

Remark. 

(1) The condition u)f{x) H P{f) / 0 can occur, we built a dendrite map 
/ : Y —7- Y with zero topological entropy having an infinite uj- 
limit set u}f{x) containing a periodic point, where E{X) is a closed 
countable set and ojf{x) is infinite countable. (See Example 1). 

(2) There is a dendrite map / : Y —)■ Y with zero topological entropy 
having an cj-limit set ujf{x) containing a periodic point with E{X) 
non closed and countable and ojf{x) uncountable. (See Example 2). 

(3) There is a dendrite map / : Y —)■ Y with zero topological entropy 
having an uncountable cu-limit set ujf{x) containing a periodic point 
with E{X) closed and uncountable. (See Example 3). 

Theorem B. Let Y be a dendrite such that E{X) is closed set having 
finitely many accumulation points and let / : Y —)■ Y be a dendrite map 
with zero topological entropy. Let L be an uncountable cu-limit set. Then 
there is a sequence of /-periodic subdendrites {Dk)k>i of Y and a sequence 
of integers Uk >2 for every A: > 1 with the followings properties: V/c > 1, 

(1) Dk has period ak ■= nin 2 ■ ■ ■ Uk, 

(2) U^roV"“-^(^,)cZ),_i;/>2, 

(3) Lcu“/p-V*(^fc), 

(4) f{L n P{Dk)) = L n /‘■'■^(Dfc); 0 < f < Ofc ~ 1- Ir particular L n 

f{Dk)^9, V0<i< Ofc-l, 

(5) VO < f / j < ak, r{Dk) n f^{Dk) has empty interior. 

Corollary 1. Let Y be a tree and / : Y —)■ Y a continuous map with 
zero topological entropy. Let L = ujf{x) an infinite w-limit set. Then there 
is a sequence {Jk)k>i of /-periodic arcs and a sequence of integers Uk > 2 
for every A: > 1 with the following properties: For any k, 

(1) Jk has period ak '■= ^ 1^2 • • • nk, 

(2) U^roV"“-^(V,)C J,_i;/>2, 

(3) L C U“4-V*(Vfc), 

(4) f{L n p{Jk)) = L n r~^^{Jk)',^ < i < afc ~ 1- Ir particular L n 
f{Jk) / 0, VO < f < Ofc - 1, 

(5) VO < f / j < ak, p{Jk) n fpJk) are either disjoint or they intersect 
in their common endpoints. 

Theorem C. Let Y be a dendrite with E{X) closed and E{X)' finite. 
Let / ; Y —7- Y be a dendrite map. If / has a Li-Yorke pair (x, y) such that 
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u}f{x) or ujf{y) is uncountable then / is Li-Yorke chaotic. 

Remark. Theorem C is not always true if Y is a dendrite with E{X) 
closed countable with E{Xy infinite. (See Example 4). 


2. Preliminaries 

Lemma 2.1. ([IB]; Lemma 2.1) Let {X,d) be a dendrite. Then, for every 
e > 0, there exists (5 = J(e) > 0 such that, for any x,y & X with d{x, y) < 6, 
the diameter diam([x,y]) < s. 

Here diam(H) := sup^, d{x, y) where H is a non empty subset of (Y, d). 

Corollary 2.2. Let {X,d) be a dendrite. Then, for every x,y £ X;x y, 
there is e > 0 and an arc J C [x,y] such that for any u £ B{x,s) and 
V £ B{y,e) we have J C [r,u]. 

Proof. Fix x,y £ X;x y. Let U and V two disjoint subdendrites of Y 
such that X £ int{U) and y £ intiV) (where int{A) denote the interior of 
the subset A). Since U,V and [x,y] are connected then by Theorem 10.10 
of [H], U n [x, y\ and V H \x, y] are also connected. Let ci, C 2 G Y satisfying 
U n [x, y] = [x, Cl] and V H [x, y] = [c 2 , yj. We have [x, ci] n [y, C 2 ] G UCiV = 0 
so [x, Cl] n [y, C 2 ] = 0 . 

Let u £ U and v £ V arbitrarily and denote by u' = {u),v' = (x) 

where is the first point map for [x,y] (See [19], page 176). We have 
u' £ [x,u] n [x,y] C 17 n [x,y] = [x,ci]. Similarly, v' £ [y, C 2 ]. Since 
[u, u') n [x, y] = [x, x') n [x, y] = 0 (If a = 6 then [a, b) = 0) then [u, u'), [x, x') 
and [u',v'\ are pairwise disjoint so [u,v] = [u,u'] U [u',v'] U [x',x]. Finely, 
since u' £ [x,ci],x' G [c 2 ,y] then [^i^x'] contains J := [ci,C 2 ] (which is 
independent from u,v) so J C [x,x]. By taking e > 0 with B{x,s) C U and 
B{y,e) C V, we finish the proof of the corollary. □ 

Lemma 2.3. Let X be a dendrite and Ci, C 2 two disjoint connected subsets 
in X. Then Ci n C 2 is at most one point. 

Proof. Suppose that Ci n C 2 contains at least two distinct points a, b. Then 
by Theorem 10.10 of m this intersection is connected, so it is arcwise 
connected. Hence we obtain [a,b] C Ci n 6 * 2 . There is four sequences 
(an)n>l, {bn)n>l in Cl and (a(j)n>l, (&n)n>l in C 2 such that (an)n>l, (an)n>l 
converges to a and (ln)n>i, {b'n)n>i converges to b. By Corollary |2.2| there 
is e > 0 and an arc J C [a, b] such that J C [u, x] for any u £ B{a, e) and 
X G B{b,e). There is n > 0 such that an,ay £ B{a,e) and bn,b'^ £ B{b,e). 
So we have J C [an, bn] H [a'„,6(j]. Since Ci and C 2 are arcwise connected 
then [un, bn] C Ci and [a'„, b^] C C 2 then J C Ci (1 C 2 , absurd. 

□ 

Lemma 2.4. Let X be a dendrite and E a non empty closed subset of X. 
Let a £ E, then 
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(1) [F] =Uz(zF[a,z], 

(2) -E([-F]) C F and we have £'([-F]) = F when F C E{X). 


Proof. (1) For any z ^ F, [a, z] is connected then the subset G := Uz£f[o-, z] 
is connected and contains F. We will prove that G is closed. Let {wn)n>i 
be a sequence in G converging to w € X. For any n > 1, there is Zn € F 
such that Wn G [a, Zn]- Since F is compact, by considering a sub sequence 
of {zn)n>i, we may assume that {zn)n>i converges to z £ F. It suffices 
to prove that w G [a,z\. Suppose contraril y th at 5 := d{w,\a,z\) > 0 
then B{w,^) Ci B{[a, z], = 0. By Lemma 2.1, since {zn)n>i converges 

to z then there is > 0 such that diam([ 2 ;, < | when n > N, hence 

[z, Zn] C B(z,^) SO [a, Zn] C [a, Zn] C B{[a, z], ^). Let n > N such that 

d{w, Wn) < f. Then Wn G B{[a, z], ^)nB{w, |) hence B{[a, z], ^)riB{w, |) / 
0, absurd. SowGG then we conclude that G is a subdendrite of X satisfying 
F CGC[F], hence [F] = G. 

(2) Let e G Fi([F]), by (1) there is z £ F such that e G [a,z]. Since 1 < 
ord{e, [a, z]) < ord{e, [F]) = 1 hence e = 2 ; or a then e £ F, so E{[F]) C F. 
Now, suppose that F C E{X). It suffices to prove that F C F([F]). Since 
F C [F] then F C [F] D E{X) C E{[F]). This finish the proof of this 
Lemma. 

□ 


Lemma 2.5. ([H], Lemma 2.3) Let {Gn)n>i be a sequence of pairwise dis¬ 
joint connected subsets of a dendrite {X, d). Then we have lim„_,.+oo diam(C„) = 


0 . 


Lemma 2.6. f]3], Theorem 3.3) If a dendrite has a closed set of endpoints 
then any point of it has finite order. 

Theorem 2.7. ([3], Theorem 3.2) Every subcontinuum of a dendrite with a 
closed set of endpoints is a dendrite with a closed set of endpoints. 

Proposition 2.8. Corollary 3.5) If X is a dendrite with E{X) closed 
set then B{X) C B{X) U E{X). In particular, B{X) U E(X) is closed. 

Proposition 2.9. ([3], Corollary 3.6) If X is a dendrite with E{X) closed 
then B{X) is a discrete set. 

Lemma 2.10. (|8|, Proposition 4.14) If Y and X dendrites with Y C X, 
then E{Y)' C E{Xy . 

Lemma 2.11. ([20]. Lemma 4) /f T and X are dendrites with Y C X, then 
card{E{Y)) < card{E{X)). 

For a subset A of X, we denote by card(^) the number of elements of A. 
If ^ = 0, we take card(yl) = 0. 

Definition 2.12. Let f : X ^ X be a dendrite map and I, J two arcs in 
X. We say that I, J form an arc horseshoe for f if f'^{I) H f'^{J) D / U J 
for some n,m £ N, where /, J have exactly a common one endpoint. 
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Theorem 2.13. [5] Let X he a compact metric space and f : X ^ X a 
continuous map. If h{f) > 0 then f is Li-Yorke chaotic. 

When X is a compact interval, it is well known that if /” has an arc 
hoseshoe for some n G N, then h{f) > 0. Actually, for dendrite map, we 
have 

Theorem 2.14. (|16]. Theorem 2) Let f : X ^ X be a dendrite map. If 
f has an arc horseshoe then h{f) > 0. 

Lemma 2.15. ([6], page 71) Let {X, d) he a compact metric space and 
f : X ^ X a continuous map. Let F be a proper closed subset of an 
Lo-limit set L = u)f{x), then 

7(AF)nF/0. 


Lemma 2.15 is equivalent to the following Lemma: 


Lemma 2.16. If G is a non empty open subset of L (relatively to L) and 
such that f{G) C G then G = L. 


Proof. Suppose contrarily that there is a non empty open subset G of L such 
that f{G) C G and G ^ L. Then F := L\G is a non empty closed subset 
of L and f{L\F) n T = f{G) n F = f(G) nFcGnF = 0, absurd. □ 


3. On cj-limit set containing a periodic point. 

To prove Theorem A, we need the following Lemmas 

Lemma 3.1. (^, Proposition 4.4J Let X be a dendrite with E{X) closed 
and E{Xy / E{X). Then for any e G E{X)\E{Xy, there is b ^ X,b e 
such that [e,5] is a neighborhood of e and [e,5] n B{X) = 0. 

Lemma 3.2. Let X be a dendrite with countable closed set of endpoints and 
let Y he a subdendrite of X. Denote by Yi := y\[i?(X) U E{Y)] = Ujg/Ji, 
where {Ji)i^i is the sequence of the connected components ofY\. Then I is 
at most countable and each Ji is an open free arc in X. 

Proof. Set F = {B{X)riY)UE{Y). We will show that Yi = Y\F is closed in 
Y: Indeed, by theorem |2.7[ since E{X) is closed, so E(Y) is also closed. Let 
(&n)n>i be an infinite sequence in B{X)r\Y converging to b. Then b €Y and 
by Proposition [2:^ b G B{X)UE{X), hence b G {YnB{X))U{YnE{X)) C 
{Y n B{X)) U E{Y) so F is closed in Y, hence Yi is open in Y. So by ([IS], 
p. 120), each component Ji is open in Y. For any i ^ I, Ji is open in X, 
since Ji H B{X) = 0. 

Let us prove that I is at most countable. For any z G /, write Ji = [a*, hi] 
and define the map h : I ^ {B{X)UE{Y))'^ as follow: Vi G I, h{i) = {oi, bi}. 
The map h is well dehned (since X is uniquely arcwise connected) and it 
is one-to-one then I is at most countable since B{X) U E{Y) is at most 
countable. 

□ 
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Lemma 3.3. Let f : X ^ X be a dendrite map such that E{X) is closed 
and countable. Let a G Fix{f) and L := uif{x) an uncountable oj-limit set 
such that L n P{f) = 0 then for any y € L, there is p,k > 0 such that 
[a,f{x)] C [a,fP{y)]. 


Proof. Let y £ L. We have 0Jf{y) is a closed invariant subset by / then 
there is a minimal subset, denoted by K, in cof{y). Since Lr\P{f) = 0 then 
K has no periodic point. So K is infinite and has no isolated point, hence 
K is uncountable so it is for u}f{y). Now, denote by (C'i)jgN the sequence 
of connected components of X\{B(X) U E{X)). By Lemma 3.2, each Ci is 


an open free arc in X. There is j G N such that ujf{y) H Cj is uncountable. 
Let u,v G ojf{y) H Cj such that u G (o, u). There is two open disjoint arcs 
lu, Iv in Cj such that u £ Lu,v £ L^. Let p,k' > 0 such that f^{y) £ Iv and 
f^ (y) £ lu, since (y) £ L, there is fc > 0 such that f^{x) £ lu, so we 
obtain the inclusion [a,f^{x)\ C [a,/^(y)]. □ 


Proof of Theorem A. 

(1) Denote by L = ujf{x). Suppose that L n P{f) ^ E{Xy, there is 
a £ L\E{Xy such that f^ {a) = a for some > 0. Since L is inhnite and 
VO < i < N" — 1,/(wjiv(/*(x))) = ijjjN{p~^^{x)) then u}jN{p{x)) is infinite 
for any 0 < i < N — 1. Let 0 < j < iV — 1 such that a £ u}jN{fpx)), so 
we may assume that a £ Fix{f). By Corollary JH since E{X) is closed 


then 1 < n := ord{a) < +oo. By Corollary 2.9 and Lemma 3.1, a has a 


neighborhood, V, which is a tree such that V n B(X) C {a}. We can write 
V = hi] such that the subsets (a, 6 *]; 1 < i < n are pairwise disjoint. 

Claim 1. There is 1 < io < n and an infinite sequence of periodic points 
in {a, bio) converging to a. 


By (El, Lemma 4) a is not isolated relatively to L, then there is an infinite 
sequence in L, say (yn)n>i) converging to a. Since C is a neighborhood of 
a then we may assume that (yn)n>i C V. Let 1 < io < n such that 
a £ (a, 6 io] Vi {yn)n>i- By considering a sub sequence we may assume that 
{yn)n>i C {a,big]. Let c G (a,big) arbitrarily. There is 1 < ni < n 2 < ns 
such that y „2 ^ {Vni-,yn 3 ) C (a,c). Let /i ,/2 and Is a disjoint open arc 
in (a, c) such that £ Ii',i = 1,2,3. There is n,m > 0 and p,q > 0 
such that r{x) £ /i,/™(x) G I 3 and /^(/"(x)),/'?(/™(x)) G I 2 . So we 
have {/^(/"'(x)), /'^(/”^(x))} C (/”(x), /™’(x)), then by [2] (one can use also 
Theorem 2.13 of [IB]), P(/) n (/"’(x),/™’(x)) / 0 hence P{f) n (a, c) p 0. 
This hnish the proof of Claim 1. 

Now, denote by {Ck)i<k<n the sequence of connected components of X\{a} 
such that bk £ C'fc,Vl < k < n and let c G Fix{P) n {a,big);r > 1 such 
that L n (C'ip\[a, c]) p 0. Denote by y = /'’. There is n > 0 such that 
/"■(x) G (a, c), since L = ujf{f^{x)), we may assume that n = 0. We 
distinguish two cases both of them lead us to a contradiction: 
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Case 1. If Og{x) ^ Ci^. Let 1 < j < n]j ^ io and p,k > 0 such that 
g^{x) G Cj and f^{x) G Cj(,\[a, c]. Let I = [a, x] and J = [x,c]. Then we 
have f^{I) D [a,/^(x)] D [a, c] = / U J and = g^{J) 3 [c,gP{x)] D 

[a, cl = / U J, so /, J form an arc horseshoe then by 1161 and IH we have 
h{f) > 0, absurd. 


Case 2. If Og{x) C Ci^. Denote by Fc = n [a, c]. 

(a) If there is z G Fc\{c} such that {c,z] n Og{x) / 0 . Let n > 0, /c > 0 
such that g'^{x) G (c, z) and g^{z) = c. Let / = [c, ^"'(x)] and J = [2;, g'"'(x)]. 
Since a G ojg{x) then there is p > k such that lU J C [c,g'"^+P(x)]. So we 
have g^{I) D [c,g'^^P{x)] D lU J and 5^(J) D [c,g'”'+^(x)] D / U J, hence 
^^(J) = g^~^{g^{J)) D [c, 5r”'''^(x)] D /U J so /, J form an arc horseshoe for 
g, hence h{f) = \h{g) > 0, absurd. 

(6) If for any 2; G Fc] [c, z] n Og{x) = 0 . 

Claim 2. ITe have Og{x) C [a,c]. 

Since otherwise, there is n > 0 such that g^{x) ^ [a, c]. (i) If g'^{x) G 
C'i(,\[o, c] then (7"'([a, x]) D [a, (/"'(x)] 9 c, so there is c_i G (a, x); 5r"'(c_i) = c, 
hence x G [c, c_i]nOg(x), a contradiction, (ii) If g'”'(x) G Cj for some j 7^ io. 
Then g'”'([c, x]) D [c,g'^{x)] 3 a. Let a_i G (c, x); (7"’(a_i) = a and k > 0 
such that /^(x) G C'jQ\[a, c]. Then /'""([c, a_i]) = ^"'([c, a_i]) D [a, c] and 
/*^([a,a_i]) D f^{[a,x]) D [a,f^{x)] D [a,c], so [a, a_i] and [c, a_i] form an 
arc horseshoe for /, absurd. This finish the proof of Claim 2. 


Now, we have u}g{x) C [a, c]. Denote by [a, d] = [a;g(x)] the convex hull of 
u}g{x). We remark that d G tdg{x) since ujg{x) is closed. 


Claim 3. For any n > 0, g‘^{[a,d)) C [o, c). 

Suppose contrarily that there is n > 0 such that g'^{[a,d)) ^ [a, c). Let 
2 G {a,d), g^{z) ^ [a, c). (i) If g^{z) G Cjo\[a,c) then c has an antecedent 
c_i by g^ in {a,z], since d G [c, c_i) n ojg{x) then Og{x) n (c, c_i) 7^ 0, 
a contradiction, {ii) If g'^{z) G Cj for some j 7^ zq. Then g'^{\c^z\) D 
[c,^"'(z)] 9 a then there is a_i G {c,z\ such that ( 7 "'(a_i) = a. Let k,p > 0 
such that /^(x) G (a, a_i),/^■'■^(x) G C'jQ\[a,c]. We have /^([a,/^(x)]) D 
[a,/*'+P(x)] D [a,/''(x)] U [/^(x),c] and {[c, f’^{x)]) D /’^^([c, a_i]) = 
ff"([c,a-i]) D [c,a] = [c,/*=(x)] U [/''(x),a], hence [c,/^(x)], [a,/^(x)] form 
an arc horseshoe for /, absurd. This finish the proof of the Claim 3. 

Now, we have g'^{[a,d]) = g^{[a,d)) U g'^{d) C [a, c) U LOg{x) C [a,c]. 
In the other hand, since [a,d] D 0 Jg{x) so g{[a,d]) D [a,d]. The subset 
I = U^^ 5 "([a,d]) is connected included in [a, c] and strongly invariant by 
g so it is for J = I C [a, c]. Now g\j : J —)• J is a continuous interval 
map with Ug^^j{x) = L 0 g{x)]x G J is infinite containing a fixed point a, so 
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by [22], h{g) > h{g\j) > 0 hence h{f) > 0, absurd. We conclude that 
Lr^P{f)ciE{X)'. 

(2) Now, suppose that L = ujf{x) uncountable and E{X) countable. By 
(1) of this Theorem, we have L n P{f) C E{X)'. Suppose that there is a G 
LnP{f), we may assume that a G Pix{f ). By Lemma [3^ write X\[i?(X)U 
E{X)] = where each Ji is an open free arc in X. There is io > 0 

such that L n is uncountable. Write Jjg = (u, u) such that v G (a, u). 
There exists c G Pix{f'')-, r > 1 such that L n {u, c) is uncountable. Denote 
hy g = f^. There is0<i<r — 1 such that ujg{xi) n {u, c) is uncountable; 
Xi = /*(x). There is A: > 0,p > 0 such that g^{xi),g^^'^{xi) G {w,c) n (u,c) 
for some w G ujg{xi). Denote by Xq, Xi the connected components of X\{c} 
such that a £ Xi and let Ij = Xjnujg(xi)-, j = 0,1. By (1), c ^ iOg{xi) then Iq 
and li are two non empty clopen sets relatively to ujq{xi), hence by Lemma 


We will build an arc horseshoe. We distinguish two cases: 


2.16 


we have Vn > l,g'^{lQ) ^ Iq. Let y £ lo such that g^{y) £ h 


Case 1. There is an infinite sequenee (n;)i>o sueh that {g^^{xi))i^o 
eonverges to y and G {c,y)]\/l > 0. By continuity of g"^, there is 

re > 0 such that g'^(xi) £ Xq, g'^~^P{xi) £ Xi. Denote by I = [c,g^{xi)], J = 
[9^{xi),g'^{xi)]\ig\xi) £ (c,5f"(xi)), (resp. I = [c,g'^{xi)\,J = [fif"(xi), c/^(xi)] 
if g"‘{xi) £ (c,5^(xi))). We have g^{I) rigP{J) D [c, g’‘~^P{xi)] (respectively, 
gP{I)r\gP{J) D [c, g'"'+^(xj)]). There is s > 0 such that [c, (xi)] D lUJ 

hence g^~^^{I)ngP~^‘^{J) D I LlJ (resp. since g^{xi) £ {c,w)\w £ ujg(xi) then 
there is r > 0 such that [c, (xi)] D I L) J hence gP~^^{I) n g^~^'"{J) D 

/U J). So I,,J form an arc horseshoe for /, absurd. 

Case 2. There is an infinite sequenee {ni)i^o sueh that ( 5 "'* (xj))i>o 
eonverges to y and y £ {c, g^‘{xi))‘,\/l > 0. Similarly as in Case 1, we build 
an arc horseshoe by theses three points c,g^{xi),y (resp. by c, g"'{xi), g^{xi) 
for a convenient integer re) if g^{xi) £ {c,y)) (resp. if y G {c,g^{xi))). 

This finish the proof of Theorem A. □ 

4. Examples of dendrite maps with zero topological entropy. 

4.1. Example 1. We build a dendrite X with E{X) countable closed set 
and a map / : X —)• A with zero topological entropy having an infinite 
ca-limit set containing a periodic point. 


Construction of the dendrite X. For any re > 0, let 

(1) a„ = (1 - 0), 6n = (1 - and e = (1, 0), 

(2) Wji G {cLfithn^^ 

(3) (6^)fc>o be a monotone sequence in \bn,Wn) converging to Wn where 
b^n = bn, 

(4) X = U+“[ai,6*]U[ao,e]. 
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We can see that X is a dendrite with E{X) = {5„; n > 0} U {e} closed and 
E{X)' = {e}. 

Construction of the map / : X ^ X. (See Figure 1) We define / 
as follows: For any n,k ^ Z+, 

( 1 ) /(e) = e, 

/ maps linearly 

( 2 ) [o^, to , Q.ji-|_ 2 ] such that /(o-n) — ®n+l) 

(3) [a2n+2,W2n+2] tO [a2n+3;'?l’2n], 

(4) [a2n+l, R’2n+l] tO [a2n+2, R’2n+3] j 

(5) [ao,rco] to [ai,wi], 

(6) [rC 2 n+ 2 ,& 2 n+ 2 ] tO ['«; 2 n, ^ 2 n] SUch that /(&L+2) = ^ 2 n^ 

(7) [ieo,^o] to [ 101 , 61 ] such that /( 6 ^) = b\, 

( 8 ) [i 02 n+i, 6 ^„+i] to [in2n+3, W 3 ] such that /( 62 ++ 1 ) = 6 ^„+ 3 , 

(9) [ 62 n+l, 62 „_,_i] to [62n+3, ^ 2 n+ 2 ]- 



Figure 1. Dendrite with E[X)' is reduced to one point. 


Denote by x = 6o and for any n > 0,Xn = f^{x). Then the first fifteen 
elements of the orbit of x are: 

X = 6o,Xi = 6 i,X 2 = 62, X3 = 6j,X4 = 6},X5 = 63, X6 = 64,^7 = 6^,X8 = 
6g, Xg = 6f, Xio = 6;^, Xii = 65, X12 = 65, Xi3 = b\, Xi4 = 6|, Xi5 = bl- 

Lemma 4.1. The map f : X ^ X obtained is continuous and satisfy the 
following properties: 

(1) ajf{bo) = {wn]n > 0} U {e}. Therefore ( 60 ,e) is a Li-Yorke pair, 
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(2) for any y & X, we have either ujf{y) = {e} or ojf{y) = cof{bo), 

(3) / has zero topological entropy, 

(4) {X,f ) is proximal i.e any pair {x,y) G X'^ is proximal. 

Proof. It is easy to prove (1) and (2). Let prove (3). Denote by R{f) the 
set of recurrent points of / i.e R{f) := {x £ X,x G uif{x)}. Since E{X) 
is countable then by [TH] we have R{f) = P{f). Since P{f) = {e} then 
R{f) = {e}- Now by [6], page 196 we have h{f) = Kf^-^) = /i(/|{e}) = 0. 

(4) Let prove that {X,f) is proximal. Let {x,y) £ X'^. Fix e > 0. There is 
L > 0 such that for any i > 0, {/*(y), ..., n B{e, |) / 0. 

Since e = /(e) G w/(x) there isp > 0 such that {/^(x), fP~^^{x ),..., f^^^{x)} C 
B{e, |). Let 0 < k < L such that f^~^’‘{y) £ B{e, |), we obtain d{fP~^^{x), f^^’^iy)) < 
e. 

□ 


4.2. Example 2. We will prove that there is a non chaotic dendrite map 
f : X ^ X with E{X) countable but non closed set having an uncountable 
ca-limit set containing a periodic point. 

Construction of the dendrite X. 

For any n > 1, denote by: 

• A = (0,0) and B = (1,0), 

• Sn = {ffi where 1 < i < 2” is odd } 

• jS*2n+l ^ '(tt22n ^ a‘ 2 ‘ 2 nj^^ ^ tt22n+l_71/ ^ 0 and S‘ 2 n ~~ 

■[tt22n —1 0.22^ —1-|-1 ^ * * * ^ a2‘2n , 

• 4 = [Ak, Bk] where A^ = (a^, 0) and B^ = (a^, ^) for any n > 0 

and k £ 2” + 1 ,..., 2*"+^ - 1}. 

So the set X := [^,1?] U (Ufc>i4) is a dendrite with E{X) = {Bk',k > 1} 
and E{X) = E{X) U [2I, B]. 

Construction of the map / : X ^ X.{ See Figure 2). 

The map / is dehned as follow: / hx any point in [A, B] and for any A; > 1, 
/ maps linearly 4 to 4+i such that the center of 4 is sent to 

The map / : X ^ X satisfies the following properties: for any k > 
0,u}f{Bk) = [A,B] and for any y £ X\E{X), there is p > 0 such that 
f^{y) £ [^,i3]. It follows that {u,v) £ X'^ is a Li-Yorke pair if and only 
if either {u,v) or {v,u) lies to E{X) x X\E{X). Then / is not chaotic so 
h{f) = 0 but ujfiBo) = [A,B] = Fix{f). 
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Bi 



Figure 2. Dendrite with a non closed countable set of endpoints. 


4.3. Example 3. 

Lemma 4.2. [12] There is s G S 2 := {0,1}^+ a recurrent point such that 
Ldrj{s) is an uncountable oj-limit set containing a fixed point and has 

zero topological entropy, where a = S 2 —)• S 2 is the shift map defined as 
follow: Vx = (Xn)n>0 £ S 2 ,cr(x) = (Xn+l)n>0- 


Lemma 4.3. ([3|, Proposition 6.8, p. 16) Each dendrite with an uncountable 
set of its endpoints contains a homeomorphic copy of the Gehman dendrite. 

Proposition 4.4. Let X be a dendrite with E{X) uncountable. Then there 
is a continuous map f : X ^ X with zero topological entropy having an 
uncountable uj-limit set containing a periodic point. 


Proof. Let X be a dendrite with E{X) uncountable. If X is a Gehman 
dendrite. The set E := E[X) is homeomorphic to a;o-('S) where s is defined 
in the Lemma 4.2 Let / be the map defined in m with the same notations 
such that / act in E as the subshift ai := We may assume that 

E = u}a{s). Any point y G X\E is eventually mapped to c so R{f ) C EU{c}. 
Since h{f) = Hf^^) then h{f) < max(/i(/|£;),/i(/|c)) = h{fiE) = h{ai) = 
0 hence h{f) = 0. Also we have coffs) = iOa{s) is uncountable containing a 
periodic point. Generally, by Lemma [4.3[ X contains a homeomorphic copy 
of the Gehman dendrite, G. Denote by re : X ^ G the retraction map. 
Let / : G ^ G defined above and we set g = f o re ■ X ^ X. Then we 
have 5 is a dendrite map on X, h[g) = h{f) and there is x G G such that 
u:g{x) = 0 Jf{x) is uncountable containing a periodic point. This finish the 
proof of the Proposition. □ 
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5. Decomposition of an uncountable w-limit set. 

Assumption 5.1. We assume that X is a dendrite with E{X) closed and 
E{Xy finite. Let f : X ^ X he a dendrite map with zero topological 
entropy having an uncountable omega limit set L := u}f{x) (such map exists 
by (■ Theorem, 2.7)). Denote by M = [L] the convex hull of L. 


The aim of this paragraph is to prove the following proposition. 


Proposition 5.2. Let Assumption 5.1 he satisfied. Then 
there is an integer n>2 an a connected subset S of X such that: 
(z) S, f{S),..., f"'~^{S) are pairwise disjoint, 

(u) ns) = s, 

(m) L C uyi^ns), 

{iv) VO < i <n-l,f{Lr\ffiS)) = Lr\p+\S). 


Remark 5.3. In fact, (iv) is an immediate consequence of{i), (ii) and {Hi). 

Remark 5.4. If f : X ^ X is a tree map with zero topological entropy, 
then any infinite u-limit set is uncountable. 

Lemma 5.5. Let assumption \5.1\ he satisfied. Let Y be a (non degenerate) 
subdendrite of X such that E{Y) n E{X)' = 0, then Y is a tree and X\Y 
has finitely many connected components. Furthermore, there is a pairwise 
disjoint subdendrites Di, D 2 ,..., in X such that X\Y C n > 0 

and for any 1 < i < n, Di (lY is reduced to one point. 


Proof. Suppose contrarily that X\y has infinitely many connected compo¬ 
nents denoted by {Cn)n>i- For any n > 1, let Cn G E{Cn) H Y and an G 
E{Cn)\{en} C E{X). For any n > 1, (e„,a„] C Cn so ((en,an])n>i is a pair¬ 
wise disjoint connected subsets in X. By Lemma 2.5, lim„_^+oodiam((en, an]) 
0 hence lim„_^+oo d{an, Cn) = 0. Since E{X) is closed, we may assume that 
the sequence {an)n>i converges to a point a G E{Xy hence {en)n>i con¬ 
verges to a G E{Y). Since E{Y) is cl osed t hen a G E{Y) n E{Xy, absurd. 
Let prove that T is a tree. By Lemma 2.10, we have EiY)' C E{Xy ^^E{Y) 
then EiY)' = 0, since E{Y) is closed then E{Y) is finite. Hence T is a tree. 
Now, denote by Ci, C 2 , •.., Ck; k > 0 the connected components of X\Y. 
For any 1 < n < k] denote by {cn} = Y n Cn. For any n, m G {1, 2,..., k}, 
n ^ m ^ Cn = Cm- For any 1 < n < fe, let Dn := Amr^nCm- Then we 
obtain a pairwise disjoint subdendrites Di, D 2 ,..., Dg] s > 1 satisfying the 
conditions of the Lemma. □ 


Proof of Proposition 5.2. We distinguish two cases. 


Case 1: M n Fix{f) 0. 

Let a G Pix{f)I^M. Denote by K = U+~o/-^(a)nM and T := [i^]. We 
remark that by Theorem K, a £ M\L C M\E{M), hence 2 < ord{a, M). 
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Lemma 5.6. Let Assumption 5.1 he satisfied. Then L C M\Y. 

Proof. Claim 1. For any z G Fa, we have [a, z] H L = 0. 

Suppose contrary that [a, z] H L / 0 for some z G /“^(o) Cl M]p > 1. Let 
y be such a point in the intersection above. Denote by I = [a, y], J = [y, z] 
then we have P{I)r\P{J) D [a, /^(y)]. By Lemma 3.3, there is i,j>0 such 
that [a,fP~^^{y)] D [a,/*(x)] so we have n /p+J(J) [a,/*( x)]. Let 

w G L such that z G (y, w) then there is r > 0 such that [a, z] C [a, 

Then fP+l+^{I) n /P+i+^(J) D [a, /*+'’(x)] D [a, z] = IU J. Then I, J form 
an arc horseshoe for /, so h{f) > 0, absurd. This hnish the proof Claim (1). 


Claim 2. LCi Fa = ^. 

Suppose that there is y G L n Fa. First, we will prove that f^{y) ^ Fa for 
some n > 0. Suppose contrary that Of{y) C Fa, then we have 0Jf{y) C Fa, 
since ojfiy) C L then it contain no periodic point, so ojf{y) is uncountable. 
By Lemma 3.2, there is an open free arc I in X such that card{ujf{y)r\I) > 2. 


Let zi,Z2 two distinct points in ujf{y) n I such that z\ G (a, Z2) and Ii,l 2 
two open disjoint arc in I containing zi,Z2, respectively. Then there is 
k,p > 0 such that f^{y) G Ii and /^(y) G h- Since I 2 is open containing 
/^(y) G Fa, then there is a point z G Fq n I 2 , hence f^{y) G L n [a, z], this 
contradict Claim (1). Now, fix no > 1 such that f"'°{y) ^ Fa. Since X\Fa is 
a non empty open subset in X and since /"'° is continuous, there is an open 
subset U of X containing y such that f'^°{U) C X\Fa, let t G Fq n C/, then 
f"'°{t) G C X\Fa, but fi^°{t) G Fa, absurd. This finish the proof of 

Claim (2). 

By Claims (1) and (2), we have for any z G Fa, [a,z] C F = 0, so we 
have L C M\ [a, z], hence by Lemma 2.4 we obtain L C M\Y. Since 


E{Y) C Fa, E{M)' C F(M) C L then E{Y) n F(M)' = 0 then by Lemma 
5.5, y is a tree and M\Y has finitely many connected components. □ 


Lemma 5.7. Let Assumption 5.1 he satisfied. In (1) we suppose that Fa 
{a}, then 

(1) for any y e L, (a, y] n F^ / 0, 

(2) M\Fa has finitely many connected components intersecting L, we 
denote it hy Ci, C 2 ,..., Cn', n > 2 and for any k G {1,2,..., n}, we 
denote hy Ik = L (1 Ck, 

(3) for any 1 < k < n, there is a unique j := a{k) G {1, 2,..., n} such 
that f{Ck) n Cj 0, 

(4) for any 1 < k < n, f{lk) = la{k), 

(5) for any 1 < k < n, Ik is a clopen set relatively to L, 

(6) cr is an n-cycle. 


Proof. (1) l et y G L arbitrarily, z G Fa, z a and w G L such that z G (a, w). 
By Lemma 3.3, there is p. A; > 0 such that [a, f^{x)] C [a, P{y)] C f^{[a, y]). 
Let i > 0 be such that [a, z] C [a, f^~^^{x)] then [a, z] C /*([a, /^(x)]) C 
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y]) so z £ /^+*([a, y]) hence there is Z-i £ [a, y] such that fP~^^{z-i) = 
z £ Fa with z-i 7 ^ a. So Z-i £ (a, y] H Fa- 


(2) If Fa / {a}. We have Fa C Y so a connected subset of M\Y is also 
a connected subset of M\Fa, since L C M\Y and by Lemma 5.5, M\Y has 
finitely many connected components so the connected subsets of M\Fa in¬ 
tersecting L are finite. If Fa = {a}, since ord{a, M) < -|-oo then M\{a} has 
finitely many connected components, (exactly n := ord{a, M) components), 
and L C M\{a}. 


(3) Let 1 < A: < n, since /( 4 ) C f{Ck) and /(4) C f{L) = so 

there is 1 < j < n such that /(4) H 7^ 0 hence f{Ck) n Cj 7^ 0. Suppose 
that there is 1 < i ^ j < n such that f{Ck) Ci Ci ^ fl} ^ fiCk) H Cj. Let 
u £ f{Ck) n Ci,v £ f{Ck) n Cj, then the subset H := Cj U [u,v] U Cj is 
connected included in M since \u, v] C M. Since f{Ck) n = 0 for any 
1 < A: < n then LA n Cq = 0. By maximality of Cj and Cj we have H <Z Ci 
and H C Cj hence H = Ci = Cj, absurd. 


(4) Let 1 < A; < n, for any i ^ cr{k), /(Cfc)nCi = 0 then /(4)n/j = 0, since 
f{lk) C L = U^=ilr hence f{lk) C la{k)- Suppose contrarily that f{lk) £ 
lo-(k), since f{L) = L then there is z 7 ^ A: such that f{li) n l^i^k) 7 ^ 0 hence so 
a{i) = a{k). We obtain f{L) = C l^r=i^u(r) = C^=i.^r^il„{r) ^ L, 

absurd. Then /(4) = l^^k)- 


(5) Suppose that for some 1 < i < n, k li. Then there is j £ 
{ 1 , 2 , ..., n}; j 7 ^ i such th at Ij n Ij 7 ^ 0 hence Cj H Cj 7 ^ 0. Since Cj and Cj 
are disjoint then by Lemma 2.3 there is z £ M such that CjHCj = {z}. Since 


Cj C (CjU{2;}) C Cj then CjU{z} is connected, hence CjU{2;}UCj = CiUCj 
is connected disjoint with Fa, this contradict the maximality of Cj and Cj. 
Then li = Zj i. e. any Zj is closed in X hence in L. In the other hand, since 
li,l 2 ,... ,ln are pairwise disjoint then Zj = L\ Ij is open relatively 

to L. We conclude that any li is a clopen set relatively to L. 


(6) Let prove that a is n-cycle. Suppose contrarily that for some 1 < s < 
re, aP{s) = s with 0 < p < re. The subset F := is proper and 

clopen relatively to L. We have f{F) = = U^=o^fT'“+i(s) ~ 

Let G = L\F a non empty closed subset in L, f{L\C) H G = f{F) n 
G = F n C = $. This contradict Lemma 2.15 Hence Vs £ {1,2,... ,re}, 
Oa{s) = {1, 2,..., re} then cr is an re-cycle. 

□ 


Lemma 5.8. Denote by si := [Zi] C Ci. The subset S := 


satisfy conditions (i) — (iv) of the Proposition 5.2 


Proof. First, S is connected. Indeed, since si is a subdendrite of X then 
it is so for /^”'(si),VA: > 0. We have /"'(si) D /”(Zi) = = h hence 
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/"■(si) D Si, SO (/^"'(si))a;>o is an increasing sequence of connected subsets 
then S is connected. 

(i) S, f{S),..., are pairwise disjoint. Indeed, since f~^{Fa) = Fa 

and Si n = 0 then /*(si) n = 0, Vi > 0 hence f^{S) n Fq = 0; VO < 
k < n — 1. Suppose that /*(S) n f^{S) 7 ^ 0 for some 0<i/j<n — 1 then 
P{S) U f^S) is connected. Let u G /o-qipu G ^o-j(i), since f^{S) D foi" 
any k > 0 then [ 11 , 1 ;] C (/*(5') U f^{S)) H M . The subset K := Cg-qi) U 
[u,v] U Caj(^i) is connected in M disjoint with Fa, by maximality of C'a-i(i) 
and C'o-j(i) we obtain K C C^qi) and K C CcrJ(i) hence C^qi) = 
absurd. 

(u) r (F) = = u+ror"(si) = <5- 

(in) Since ii C S then L = ^ '^kZofiS). 

(in) L n /^(F) = io-j=(i) for any 0 < k < n — 1 . Indeed, we have /^(F) D 
f^{h) = > 0 and since S,f{S),... ,/"'~^(F) are pairwise disjoint 

then L n f{S) = /^^(i), so f{L n /^(F)) = /(i^fc(i)) = /^fe+i(i) = Ln 
f+\S). □ 

This finish the proof of Case 1. 


Case 2: M n Fix{f) = 0. 

In the following Lemma we will use the notations from |18j . 


Lemma 5.9. If M does not contains a fixed point then there is a fixed point 
z G X\M such that M C 'ipj^{z). 

Proof. Let y ^ M such that G Fix{f). Suppose contrarily 

that M ^ 'ipj^{z) then M n (z)) 0 since M n fij^{z) 0 and 

M is connected then M n d{fi^^{z)) 0 but d{fi'J^{z)) C Fix{f) hence 

MnFix(/) / 0, absurd. Then M CfiJ^iz). It follow that Vy G M,'0j(y) = 
z. This finish the proof of the Lemma. □ 


Now, let zq := rM{z) where is the retraction map (See [19]) and denote 
by F^p := ^ ^ := [-^20]■ We remark that F^p Cl L = (h 

(so ord{zo, M) > 2), F^p is non empty and any arc joining a point in M and 
f{zo) contains zq. 

We have an analogous results compared to Case 1. 


Lemma 5.10. Let Assumption 5.1 be satisfied, 
properties: 


Then we have the following 


(1) L C M\Yo, 

(2) M\Yo has finitely many connected components. The connected com¬ 
ponents of M\Fzq intersecting L are denoted by Ci,C 2 ,... ,Cn where 
n > l,we denote by Ik = L f] Ck, 

(3) for any 1 < k < n, there is a unique j := a{k) G {1, 2,..., n} such 
that f{Ck) n Cj 0, 

(4) for any 1 < k < n, f{lk) = la{k), 

(5) for any 1 < k < n, Ik is a clopen set relatively to L, 
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(6) a is an n-cycle, 

(7) Let S = Then 

(a) S, f{S ),..., are a pairwise disjoint connected subsets, 

(b) r{s) = s, 

(c) L c 

Proof. (1) Claim 1. There is no > 0 such that Vn > no we have zq £ 

Since zq ^ L and L is compact then 6 := d{zo,L) > 0. Remark that 
for any y £ L,zo £ {y,fizo))- Then ^y £ L, 30 < fi = fi{y) < 5 such 
that Vt £ B{y,fi),zo £ (t,/(zo)). The subset V := Uy^LB{y, ^{y)) is an 
open neighborhood of L disjoint with zq. There is no > 0 such that Vn > 
no,f^{x) £ V. Then Vn > no, there is y G L,f^{x) £ B{y,ii{y)) hence 
zo £ (f^(x),f(zo). 


Claim 2. For any t £ F^q, [zq, t] H L = 0. 

Suppose contrarily that there is t G f~^{zo) n M; A: > 0 and y £ L such that 
y £ [zo,t]. Denote by / = [zo,y], J = [y,t]. We have /^(J) D [zoJ^iy)] 
then D [f{zo),f’'^^{y)] V zq hence D [zq, so by 

induction, for any n > k,f'^{J) D [zo,f"'{y)]. Similarly, we have /(/) D 
[fizo),f{y)] V Zq then /(/) D [zo,f{y)]. Hence we prove by induction that 
for any n > 0, f^{I) D [zq, /"'(y)]- As the proof of Lemma 5.6 Claim 1, we 
show easily that I, J form an arc horseshoe hence h{f) > 0, a contradiction. 


Claim 3. n L = 0. 

Suppose contrarily that there is y G L n Fzo- Let (^i) 2 >o be a sequence 
in converging to y and = ZQ-,\/i > 0. Let prove that there is 

a neighborhood V of y in X and k > 0 such that f^{V) C I where / is 
a free open arc in X such that [zq , s] n L / 0 for some s £ Fzo- Indeed, 
since ujf{y) is uncountable then there is a free open arc I in X such that 
I C M and w/(y) n I is uncountable. Let yi,y 2 two distincts points in 
the intersection such that yi G {zo,y 2 ) and /i ,/2 two open disjoint arc in I 
containing yi,y 2 respectively. Let k,p > 0 such that /^(y) G Ii, P{y) £ h- 
By continuity of there is an open set, F, in X containing y such that 
f^iy ) C I 2 . If the sequence (nj)i>o is bounded then by taking a subsequence 
we may assume that ni =: m for any z > 0. So we have f^{zi) = zo,\/i > 0, 
since zi —y then f^{y) = zq £ L, absurd. If the sequence (ni)i>o is 
unbounded, we may assume that it is non decreasing and rij > p, Vz > 0. 
Let z > 0 such that Zi £ V then y{zi) £ /^(F) <Z I 2 <£ M. So we have 
f^{y) e {zo, fP{zi)) and f"'^~PiF{zi)) = zq then fP{zi) £ F^^, this contradict 
Claim 2. Hence we finish the proof of Claim 3. 

Now, we have L C M\[zo,t],\/t £ F^q then L C M\ [zo,t] = M\Yq. 

(2) Yo is a subdendrite of M satisfying E{Yq) n E{M)' C Fzq n L = 0 then 
M\Yo has finitely many connected components. 

The proof of (3) — (7) are similar as in Lemmas |5.7| and 

□ 


5.8 
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5.1. Proof of Theorem B. Let 5 be a connected subset of X satisfying 
conditions (i) — {Hi) of proposition 


5.2 


Denote by ai := ni and Di = S. 
Then we have L C U“i^Q ^/*(Zli). Set /i := : Di —)■ Di, it is a 

dendrite map such that E{Di) is countable closed and E{Diy hnite. Let 
^1 = f^^{x) £ L>i. Since is uncountable then by Proposition [5^ there 

is a pairwise disjoint connected subsets 52,/i(S' 2 ),...,n 2 > 2, 
fi^{S 2 ) = S 2 in Di such that C U”^g^/|(52). So for any 0 < 

j < n^- c C where 

D 2 = S 2 . Hence L = ujf{ti) C r^+HD 2 ) = Ugg ^*(^ 2 ). 

The subdendrite D 2 has period 02 := nin 2 and (D 2 ) C Di. Since 

card(/*(Di) n f^{Di)) < 1 for any 0<iy=j<ai — 1 then card(/*(L> 2 ) n 
f^{D 2 )) < 1 for any 0 < i / j < 02 — 1. By induction we build a sequence 
of subdendrites {Dk)k>i satisfying the conditions of Theorem B. 


6. On Li-Yorke pair implies chaos. 

To prove Theorem C we need the following Lemma. 


Lemma 6.1. We use the notations from Theorem B. There is k > t) and 
0 < i < Ofc such that p{Dk) is a free arc. 


Proof. Case 1. If X is a tree. The number N := X]6es(x) 

finite, let A: > 0 such that ak > N. Then there is 0 < i < such that 

P{Dk) n B{X) = 0 then P{Dk) is a free arc in X. 


Case 2. If X is not a tree. Let d := card{E{X)') > 1. For any A: > 1 we 
have Uk > 2 so Ok > 2^. Let A: > 0 such that d < 2^. Since card{P{Dk) H 
fpDk)) < 1 then there is 0 < i < oa: such that P{Dk) n E{X)' = 0. By 
Lemma 


5.5 


P{Dk) is a tree. By Case 1, there is p > A: and 0 < j < Op such 
that fpDp) is an arc included in P{Dk). Since fpDp) n E{X)' = 0 then 
the set P{Dp) (1 B{X) is finite. So there is > p and 0 < s < such that 
f^{Dq) is a free arc in X. □ 


Proof of Theorem C. Let {x,y) be a Li Yorke pair for / such that L := 
u}f{x) is uncountable. Denote by / = f^{Dk) = [u, u] a free arc in X. There 
is n > 0 such that Xn G I. Denote by d = Uk, then g = /|p : / —)■ I is an 
interval map. Since {x,y) is a Li Yorke pair for / then {xn,yn) is proximal 
for P^. So ujj^d{xn) n Wjd(yn) p 0- We distinguish two cases: 

Case 1 : Ofd{yn) n / 7 ^ 0. Let A: > 0 such that P^^{yn) G I- So 
{f^^{xn),P^^{yn)) G is a Li Yorke pair for g : I ^ I, by [17] g is 
chaotic hence / is chaotic. 
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Case 2. Ofd{yn) n / = 0. Since ujfd{xn) H ujfd{yn) / 0 and ujfd{xn) C I 
then u}jd{yn) n / C {u,v} so u}jd{xn) riUj^d{yn) is finite and /'^-invariant so 
ojfd{xn) contains a periodic point, say u. Then {xn,u) G is a Li Yorke 
pair for g, by m g is chaotic, hence / is chaotic. 


7. Example 

Example 4. (Due to I. Naghmouchi) We will construct a dendrite X 
with E{X) is countable closed set such that {E{X))^‘^'> is reduced to one 
point and a map f on X having a Li-Yorke pair but not Li-Yorke chaotic. 


Proof. Construction of the dendrite X. 

Denote by Do = ([-1,1] x {0})U( jj {1-i} x [0, i]). Let / = [(0,0), (g, -1)] 

n>l 

and X = I U (Un>iY„) where for any n > 1, 

• Xn is a homeomorphic copy of Do, by a homeomorphism cpn, 

• := V 5 „((l - i, i)), V/c > 1 and aP = V 9 n((l, 0 )), aP = (0,0), 

• Y„ n I = {bn} where cpnii-l, 0)) = bn, 

• the sequence {Xn)n>i are pairwise disjoint and lim„_>+oodiam(Y„) = 
0 , 

• cl = (pn{{l - yn,k > 1 . 

We can see that the set Y is a dendrite such that E{X) = {a^;n. A; > 
1} U {a^] n > 1} U {a°}, D(Y)' = {a"; n > 1} U { 0 °} and D(Y)(2) = { 0 °}. 

Construction of the map /. (See Figure 3) 

The map / is defined as follows: 

• /(a^) = fioP) = and f{bi) = 61 , 

• fi[b 2 ,c\]) = {bi}, 

• Vn > 1, f{[bn, bn+i]) = {bn}, 

• \/n,k > 1 ,/ sent linearly [bn+i,a"'~^^] to [bn,a'^] such that /(c^"*"^) = 

Cfc+i and / sent linearly to 

• Vfe > 1, / sent linearly [cj,o^] to [5i,a°] such that f{c{) = b^ and / 
sent linearly [c\,aW to \bk,all'^^]. 

We see that / is a dendrite map having a Li-Yorke pair (take for example 
(a°,a() ) but / is not not Li-Yorke chaotic. Indeed, if (x,y) G Y x Y is a 
Li yorke pair then (x,y) G D(Y)^. 

□ 
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Figure 3. Dendrite with E{Xy is infinite 


Lemma 7.1. Every dendrite X with closed set of endpoints and E{X)^‘^'i is 
non empty contains a subdendrite Y with closed set of endpoints and EiYy^'l 
is reduced to one point. 


Proof. Claim. If E is a closed set such that is non empty then it 
contain a closed subset A such that is reduced to one point. 

Let e G there is a sequence of pairwise different elements (en)„>o in F' 
converging to e. Let (e„)„>o a sequence of non negative reels such that the 
sequence of balls {B{en,£))n>o are pairwise disjoint. For any n > 0, since 
Cn G F' then there is a sequence {e^)k>o in B{en,£n) H F converging to e^. 
Hence the set A = {e^; n, /c > 0} U {e^,; n > 0} U {e} satisfy the condition 
of the Claim. Now, let H be a closed subset in E{X) such that A^‘^'1 is one 
point. By Lemma 2.4, Y := [H] is a subdendrite of X with E(Y) = A. □ 


By Lemma |7.1[ there is a non chaotic dendrite map g : Y ^ Y having 
a Li-Yorke pair {x,y) G Y^. Let ry ■ Y —)• Y be the retraction map and 
f = g ory : X ^ Y C X. Then (x, y) is also a Li Yorke pair for / but / is 
not Li-Yorke chaotic. □ 
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